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Abstract
The competition between the singlet superconducting states with s- and
d-wave symmetry of the order parameter is studied within a single-band
model with nearest-neighbor attractive interaction. The zero- and finite-
temperature ground state phase diagrams are constructed for different ratios
between the nearest- and next-nearest-neighbor electron transfer integrals.
The mixed s + id pairing state is shown to form in the intermediate region
between s- and d-waves. The temperature phase transitions between the
pure and the mixed pairing state are found.
Keywords: high-temperature superconductivity, superconducting gap
symmetry, s+ id pairing, van Hove singularity, mean-field theory,
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1. Introduction
High-temperature superconductivity (HTSC) was discovered more than
30 years ago, but many questions concerning the mechanism of this phe-
nomenon still remain open. One of them is the symmetry of the pairing
wavefunction. It is generally accepted that the cuprate superconductors
have the dx2−y2-wave (hereinafter d-wave) pairing symmetry with a super-
conducting gap ∆k ∼ (cos kx − cos ky) [1, 2], and the iron pnictides have
the extended s-wave (hereinafter s-wave) pairing symmetry with the gap
∆k ∼ (cos kx + cos ky) [3]. However, some spectroscopy experiments show
that the superconducting gap does not always follow the simplest d- or s-
wave form. For some cuprates the gap may exhibit its maximum value not
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at the antinodes, as would be the case for the leading harmonic of the d-
wave form, but at a different location on the Fermi surface (e. g. in NCCO [4]
and LSCO [5] compounds). The results of the ARPES measurements on the
AxFe2−ySe2 (A=Ca, K) family [6] revealed no hole-pocket at the Γ point of
the Brillouin zone that argues for the d-wave rather than s-wave pairing in
iron pnictides [7]. Moreover, the disappearance of electron pockets in the X
points of the Brillouin zone in the strong doping regime for KxBa1−xFe2As2
also points to the d-wave form of superconducting gap [8]. Thus, the exper-
imental data often do not give a simple answer to the question of whether
s- or d-wave pairing symmetry is realized, but they are indicative of strong
competition and possible mixing between them.
A comprehensive theoretical investigation of competition between the s-
and d-wave pairings was first carried out by Micnas et al. in their review [9].
The stability of superconducting states with different symmetry was studied
in the spirit of Bardeen-Cooper-Schrieffer (BCS) theory at certain values of
the nearest- and next-nearest transfer electron integrals t and t′. The d-
wave was found to be stable in the region close to the half-filling, while the
extended s-wave appeared at the band edges. The possibility for the gap
to have the mixed s+ d or s + id symmetry was suggested in Refs. [10, 11].
O’Donovan and Carbotte have considered the general s+eiΘd symmetry and
found that in the absence of lattice orthorhombic distortions such a state is
stable only if Θ = pi/2 [12]. The conclusion about the s+ id pairing stability,
in contrast to the unstable s + d phase, was confirmed later in Ref. [13].
The temperature phase diagram was constructed for the case of the nearest-
neighbor electron hopping in Ref. [14], and the triplet px + ipy state was
found in the intermediate region between the s- and d-states. The authors
of Ref. [15] have considered the pairing symmetry in FeAs-based compounds
within the Ginzburg-Landau theory, and have found out that with a decrease
in temperature under certain conditions the s-wave can go into the s + id
state. Recent investigations carried out in the weak-coupling limit of the
Hubbard model have shown that the full phase diagram at T = 0 includes a
rich variety of singlet and triplet superconducting orders, while the d-wave
remains the ground state in the vicinity of half-filling [16, 17, 18].
Despite a large number of theoretical works devoted to the competition
between the s- and d-wave pairings and their possible mixing, the results
are not systematic enough and do not include the phase diagrams for some
important cases. We treat the basic mean-field model of superconductivity
to construct the temperature phase diagrams for different values of the t′/t
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ratio. No specific mechanism of superconductivity is considered, but the
scenario of antiferromagnetic spin fluctuations is implied, which induces the
singlet s-, d- and s+ id-wave pairings.
2. Model and Methods
We treat the tight-binding model on a square lattice with the Hamilto-
nian:
H =
∑
j,j′,σ
tj,j′c
†
j,σcj′,σ − µ
∑
j,σ
c†j,σcj,σ − V0
∑
j,j′
c†j,↑c
†
j′,↓cj′,↓cj,↑, (1)
where tj,j′ is the transfer integral equal to −t for the nearest neighbors and t
′
for the next-nearest neighbors, µ is the chemical potential, V0 is the parameter
of the nearest-neighbor attractive interaction (V0 > 0). In the mean field
approximation, after Fourier transformation and Bogoliubov diagonalization
Hamiltonian (1) takes the form:
H =
N∆20
V0
+
∑
k
(ξk − Ek) +
∑
k
Ek(γ
†
k0
γ
k0
+ γ†
k1
γ
k1
), (2)
where N is the number of sites, γk are new Fermi operators which describe
elementary quasi-particle excitations of the superconducting system, ∆0 is
the magnitude of the superconducting order parameter, ξk = εk − µ, εk =
−2t(cos kx + cos ky) + 4t
′ cos kx cos ky is the dispersion law for the square
lattice, Ek is the quasi-particle excitations spectrum. We define the order
parameter in the general s+ id-wave form:
∆k = ∆0[(cos kx + cos ky) cospiα + i (cos kx − cos ky) sin piα] ≡ ∆0ηk,α,
∆0 =
V0
N
∑
k
η∗
k,α〈c−k,↓ck,↑〉. (3)
In our parametrization the relative magnitudes of the s- and d-wave gaps
can be defined as ∆s
0
= ∆0 cospiα and ∆
d
0
= ∆0 sin piα. One can see that
α = 0 corresponds to the pure s-wave pairing and α = 0.5 to the pure d-wave.
The formation of s + id pairing is usually associated with the time-reversal
symmetry breaking (see e. g. [19]). In Ref. [20] a surface-induced Andreev
reflection was suggested to be responsible for violation of the time-reversal
symmetry. However we argue that the s + id pairing may not break the
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time-reversal symmetry, and the Hamiltonian can retain its invariance with
respect to the time-reversal operator which in the general case should be
determined in a more complicated way than by mere complex conjugation
(Appendix A).
For a given µ, ∆0 can be determined from the self-consistent equation:
∆0 =
V0
N
∑
k
|ηk,α|
2
∆0
2Ek
tanh
Ek
2T
, (4)
In order to obtain the ground state of the system, the thermodynamic
potential Ω should be minimized with respect to the parameter α:
Ω =
N∆2
0
V0
+
∑
k
(ξk − Ek)− 2T
∑
k
ln
(
1 + eEk/T
)
. (5)
Then the electron concentration can be found from the expression:
n =
1
N
∑
k,σ
〈c†
k,σck,σ〉 =
1
N
∑
k
[
1−
ξk
Ek
tanh
Ek
2T
]
. (6)
The described procedure is more general in comparison with the traditional
method of finding ∆s
0
and ∆d
0
from a system of self-consistent equations (see
e. g. [12]), and for a number of tested points it gives the same results.
3. Results and Discussion
The minimization of the Hamiltonian (5) with respect to the mixing pa-
rameter α allows one to construct the ground state phase diagrams of the
model considered. At the first stage we treat the zero-temperature case. The
phase diagrams of the model in terms of t′/t and n are presented in Figs. 1,
2 and 3 for V0/t = 1, 0.5 and 0.25, respectively. The phase boundaries be-
tween the regions of different wave pairings are determined on a fine grid of
parameters t′/t and µ. Integration over the Brillouin zone is performed on an
adaptive grid, which allows ∆0/t to be calculated with an accuracy of order
10−6. The regions of ∆0/t < 10
−6, indicated by shading on the diagrams,
are beyond the precision of our calculations. It should be noted that for
arbitrary small V0 the Cooper instability makes the existence of the normal
state (∆0 = 0) impossible at T = 0 [21].
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For all the considered values of V0/t the region of mixed s+id-wave pairing
is presented on the diagram along with the regions of pure s- and d-wave
phases. The region occupied by the s + id state decreases with decreasing
V0/t. At small values of t
′ the s+id state region is rather narrow but becomes
wider at t′ & 0.4t. There are no first order transitions on the diagrams, all
the transitions are of the second order with a smooth change of ∆0 and α. At
t′ < 0.5t the pure d-wave dominates in the vicinity of half-filling, while the
s-wave occupies the band edges, as it should be (see e. g. [9]). At t′ > 0.5t
the picture changes, and the d-wave becomes the ground state at the band
bottom, while the s-wave persists at the band top. At t′ & 0.8t (for V0/t = 1)
the pure s-wave region appears in the vicinity of half-filling. As concerns
the pure singlet superconducting states, the diagram (Fig. 1) qualitatively
agrees with the diagrams obtained in the small U limit of spin-fluctuation
theory [16, 17]. This means that the symmetry of the solution appears to be
inherent in the model, and is determined by the lattice geometry rather than
by the superconductivity mechanism.
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Figure 1: The ground-state phase diagram for the square lattice with T/t = 0 and V0/t = 1.
Bold blue lines denote the second-order phase transitions. Black dashed lines denote van
Hove singularities. Green color indicates the d-wave regions, yellow the s-wave, violet the
s+ id. In the blank shaded area the calculation accuracy does not allow the ground state
to be determined, because ∆0 is too small (∆0/t < 10
−6) .
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Figure 2: The ground-state phase diagram for the square lattice with T/t = 0 and V0/t =
0.5.
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Figure 3: The ground-state phase diagram for the square lattice with T/t = 0 and V0/t =
0.25.
Figure 4 presents the distribution of ∆0 over the diagram. The maximum
of ∆0 is reached at concentrations which correspond to van Hove singularities
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of the bare spectrum, which agrees with the van Hove scenario for high-Tc
superconductivity [22].
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Figure 4: Distribution of the superconducting gap magnitude ∆0. Black lines denote van
Hove singularities.
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Figure 5: Concentration dependence of cospiα for t′ = 0.7t (solid line). Dashed line
denotes the ∆0 magnitude.
Figure 5 shows the concentration dependence of α for t′ = 0.7t. The
s-wave proportion in the s+ id-phase increases with concentration, and then
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decreases rapidly near the boundary with the pure d-wave order. At the
boundaries between the pure d- and mixed s + id-phases ∆0 and cospiα
change continuously, but their derivatives are discontinuous, which indicates
that these transitions are of the second order. This is in agreement with
Refs. [13] and [23], where second-order phase transitions between the pure
and the mixed s+ id phase were revealed.
At the second stage we investigated the finite-temperature case. For all
the studied values of V0/t the temperature diagrams are constructed for the
electron hopping parameters t′/t equal to 0.2 and 0.7 : t′ = 0.2t corresponds
to some cuprate superconductors (e. g. La2−xSrxCuO4 [24]); t
′ = 0.7t corre-
sponds to a wide region of mixed s + id state for V0/t = 1 (Fig. 1), and
to some organic superconductors [25]. To determine the ground state for
the given parameters T and µ the thermodynamic potential (5) is minimized
with respect to α. The resulting phase diagrams are presented in Figs. 6-8.
In contrast to the diagrams for T = 0, the normal state appears at high
temperature.
The dashed line on the diagrams denotes the dependence of the super-
conducting gap magnitude ∆0 at T = 0 upon the electron concentration.
According to the BCS theory this value should be proportional to the criti-
cal temperature Tc with the coefficient ∆0/Tc = 1.76. One can see from the
figures that the proportional relationship remains valid in our approach, and
1 . ∆0/Tc . 1.4.
The highest Tc value generally corresponds to the phase with the largest
∆0 at T = 0, but this is not the case for V0 = t, t
′ = 0.7t (Fig. 6b). The
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Figure 6: Temperature phase diagrams of the model with V0/t = 1 for (a) t
′/t = 0.2,, and
(b) t′/t = 0.7. The dashed line shows the value of ∆0 at T = 0 for a given n.
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Figure 7: Temperature phase diagrams of the model with V0/t = 0.5 for (a) t
′/t = 0.2,
and (b) t′/t = 0.7.
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Figure 8: Temperature phase diagrams of the model with V0/t = 0.25 for (a) t
′/t = 0.2,
and (b) t′/t = 0.7.
highest Tc is reached for the d-wave, while ∆0 is larger for the s-wave. It
is interesting that with decreasing V0 this peculiarity vanishes, and Tc for
the d-wave substantially falls (Figs. 7b, 8b). The relative stability of the
s-wave state for t′ = 0.7t (and d-wave state for t′ = 0.2t) with respect to
the interaction decrease can be explained by its vicinity to the van Hove
singularity (nvH ≈ 0.8) which favors the superconducting order by the van
Hove scenario [22].
The diagrams (Figs. 6b and 7b) show the possibility of temperature
transitions from the pure s- or d-wave state at high temperatures to the mixed
s+ id phase at low temperatures. Similar transitions were found in one- and
two-band systems and proposed for interpretation of some experimental data
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for the Fe-based superconductors [15, 26]. The s+ id areas on the diagrams
are the largest at T = 0, and narrow with increasing temperature. No
direct transitions from the s+ id phase to the normal state are found. This
result is in accordance with the Landau theory of phase transitions which
states that the low-symmetry ordered phase must be transformed by one of
the irreducible representations of the point symmetry group of the normal
phase. This condition is satisfied for the pure s- and d-wave phases, but it is
not fulfilled for the mixed-symmetry s+ id state which is not invariant with
respect to complex conjugation.
To summarize, the nearest-neighbor electron attraction can induce super-
conductivity with s-, d− or s+ id-symmetry. When changing the attraction
parameter V0, transfer integral t
′ and temperature T , there can occur dif-
ferent sequences of phase transitions. However, the transition from the s-
to d-wave always goes through the mixed s + id state, the transition from
the normal to the superconducting phase is possible only for the pure s- and
d-wave pairing. The s+ id state can be realized close to the half-filling, but
for reasonable values of the attraction parameter (V0 < 0.25t) the concentra-
tion and temperature ranges of its realization are small and lie far from the
half-filling. It should be emphasized that for t′ = 0.2t which corresponds to
HTSC cuprates, the calculated maximum of critical temperature is reached
for the hole-doping δ ≈ 0.2, i. e. lies in the real optimum doping range. This
indicates that the optimum doping is determined by the location of the van
Hove singularity rather than by the specific mechanism of the Cooper pairs
formation.
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Appendix A.
The time-reversal operator T for the multi-component system is deter-
mined by complex conjugation and the action of unitary operator B (see
e. g. [27]):
T ψ(t) = Bψ(−t), (A.1)
where complex conjugation is denoted by a bar.
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The commutator with Hamiltonian is
[T ,H]ψ(t) = BHψ(−t) −HBψ(−t) = (BH −HB)ψ(−t).
Let A be an operator which transforms the Hamiltonian (1) to the diag-
onal real operator H′. Then
BH −HB = BAH′A−1 −AH′A
−1
B.
One can see that this expression becomes zero if B = AA
−1
. Therefore the
Hamiltonian is invariant with respect to the time reversal that is determined
by the operator (A.1), where B for the model considered in the article has
the form:
B =


Ek(∆k +∆k)− ξk(∆k −∆k)
2Ek∆k
(Ek − ξk)
2
2Ek|∆k|2
(∆k −∆k)
(Ek − ξk)
2
2Ek|∆k|2
(∆k −∆k)
Ek(∆k +∆k) + ξk(∆k −∆k)
2Ek∆k

 .
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